Year 11 Mathematics Extension I1 Term4  Assessment 2002
Question 1: (15 Marks) (START A NEW PAGE)

(a) Given z=3+2i and w=1+3i. Express the following in the form z =a +ib
where a and b are real numbers

(i) z+w
(i) z°
(iii) =
w
(b) (i) Express 1+ i"/3 in mod-arg form.
(if) Simplify (143 .
(¢) (i) Show that z =1 is a root of the quadratic equation (2 —i )22 — (1 +i )z +1=0.

(11) Find the other root of the above equation in the form z = ¢ +id where ¢ and
d are real numbers.

Question 2: (15 Marks) (START A NEW PAGE)

(a) Find real values for x and y if (x+iy )3 +i)=5i

(b) Make neat sketches of the following loci on separate diagrams.
() |z =|z—4-2].
(ii) arg(z —i) = % .
(iii) |z =3 +4i| < 5.

(c) Let z = x+1iybe any non-zero complex number.

(i) Express z + 1 in the form p +iq.
z

o\ 1.
(i) Given that z +— is real, show that y =0 or x* +y* =1.
z

Z+122.

z

(ii1) If y =0, show that




Question 3: (15 Marks) (START A NEW PAGE)

(a) (i) Find both square roots of z =35-12i , writing your answers in the
form z = x + iy where x and y are real numbers.

(ii) Hence solve z* +z —143i = 0 writing your answers in the form
z = p +iq where p and ¢ are real numbers.

(b) (1) Express 1+i in mod-arg form

(ii) Find the smallest positive value of m if (1+:)" = (1-i)".

(¢) z,, z, and z, are the three cube roots of a complex number z and |z| =1.

(1) Assuming that arg(zl ) =6 where 00 < % , draw a diagram clearly

showing the positions of the complex numbers z, , z, and z,.

(i1) Evaluate |z] —1|2 +|z2 —1|2 +|z3 —1|2 .

Question 4: (15 Marks) (START A NEW PAGE)

(a) (i) Given z, = cosa +isina, show that 1+ z, = 2cos<(cos % +isin ).

(1) If z, =cos B +isin B find, in terms of o and S, the modulus and
z, +1

argument of the complex number "
z, +

(iii) For two complex numbers z, (# —1) and z, (= -1),

Zl| = |22| =1 and

z,+1

=i.Find z, and z, in the form z = x +iy where x and y are real
z, +1
numbers.

(b) (i) Find the nine roots of z° —1 =0, leaving your answers in mod-arg form.

(ii) If P(z) =z° + z° +1, explain why the roots of P(z) = 0 are also roots of
2’ -1=0.

(iii) Show the position of the roots of P(z) =0 on an Argand Diagram.

(iv) Express P(z)in the form P(z) = (22 —az+ IX P bz +1\z7 —cz + 1) where
a, b and ¢ are real numbers.

THIS IS THE END






Year 11 Term 4 Assessment — Extension II — 2002
Question 1:

1(a) (i) z+w=(3+2i)+(1-3i)

(i) z*=(3+2i)
=9+12i+4i’
=5+12i

(iii) £:3+2ixl—3i

wo 1+3i 1-3i

_3-9i+2i-6i’
- 149
9—7i

10

9 7

Z

10 10

Ib) () tano=+3
_g="
arg(z)—ﬁ—3
=17+ (5]
=2

1+i\/§= 2CiS§

(i) (i3] - (201’5‘%)9

=2’ cis3rx
=512(cos 37 +isin37)
=-512



Ic) O Pl =2-)0E)>-A+i)(@)+1
=2-i)(-D)-1+)@)+1
=2+i—i—i"+1
=-2+i—-i+1+1
=0

c.z=i1saroot

(i) Letotherrootbe z =«

. 1+ b
a+i= . sum of roots =——
—1i a

L+
2-i
C1+i-2i+i’
2-i
—i  2+i
= X
2—1 241
_=2i-i’

5

(94

-1

=———1

5



Question 2:

2(a) (x+iy)3+i)=5i
3x+ix+3iy+i’y=5i
(3x—y)+(x+3y)i =5i

from(1) y=3x
subinto (2) x+9x=5
1 3

x=—and y==—
y YT,



2(b) (i) Locusisy=-2x+5

6Ty

2

|i Equalion :y=-2¢+5

(i) Locusisy =x+I1 for x>0
A

y=x+1 for x>0

’i Equation T: (+-2)" 2+ 412¢25




2(c) (i) Z+l:(x+iy)+ _
z x+iy

X =1y

=X+iy+ >
X" +y

_ x(x2 +y2)+iy(x2 +y2)+x—iy

x*+y°

y(x2+y2—1)
2 2 + 2 2
X" +y X" +y

_ x(x2 +y2 +1)

i

(i) If z+ 1 isreal then Im(z) =0
z

y(x2+y2—l):0
~y=0or x*+y° =1

2
(ii)) If y=0 then Z+l:x(x—2+l)

z X

=x+—

x
1 1
Z+—|=|x+—
z X

= x+l—2+2

X

forx>0

= (\/_—%jz +2

2
1
>2 since [\/_—— >0
\/Ej

by symmetry, result is also true for x < 0




Question 3:

3(a) (1) Letz=a+ib
(a+ib) =5-12i
s.a’—b*+2iab=5-12i
equating terms
a’ —b* =5 )]

by inspection a =3,b=-2 or a=-3,b=2
Sz=3-2ior z=-3+2i

—1x1-4(-1+3i)

(i) z= :
_—1+4/5-12i
2
_-1+(3-2i) or ~1-(3-2i)
2 2

z=1—-ior —2+i

3®) (@) 1+i:ﬁci{§j

(i) 1_j- \Ea{_ gj

-l (3
(el el -

(mxm
cis|] — | =1
(2j

mTﬂ: = 0’27[,47[,672' ........
m=04812,..

". smallest positive valueis m = 4



3(c) () ’

(1,0)

z3

i) |z, =1 +]z, =1 +|z, -1
= (Z1 _1)(21 _1)"'(22 _1)(22 _1)+(23 _1)(23 _1)
=22 —(z,+2,)+1+ 2,2, — (2, + 2, )+ 1 + 2,2, —(z, + 2, ) +1
=6—(z,+z,+2,)-(z,+2,+2,)

= 6since z, + z, + z, (and the conjugates) is the sum of the roots of z° =1land ..= 0
or

|z1 —1|2 +|z2 —1|2 +|Z3 —1|2
=[2+2cos0]+]2 +2c0s(27”+6?)]+ [2+ 2COS(ZT”—9)]
=6+ 2[cos 6+ cos(%”)cos 60— sin(%”)sin 0+ cos(%”)cos 0+ sin(%”)sin 6?]
= 6+2[cos @ + 2 cos(2=)cos b
=6+ 2[0050 + 2(— %)cos 0]
= 6+ 2[cos & — cos ]
=6



Question 4:

4(@a) (i) 1+z =l+cosa+isina
= 2cos?(2)+ 2isin(%)cos(2)
=2 cos(%){cos £ +isin %}

(i) 2z, +1 2cos ﬁ(cos +zsm§)
z,+1 2cos¥% (cos—+151 %)
B
COS%S . (p.4
= cis\=5
cos %

EX +1|: cos% and arg(% +1j: B —a
|zl+1| cos§ z, +1 2

(it} |i|—1 argizz
2
B-a &
2 2
P=a+r
cosgz1
cos S

a
cos %

—sin%
2 :1

a
cos§

tan§ =-1for —r<a<rx

a__T
2 4
p/a p/a
a=——and f=—
2 d 2



4b) () =1
let roots be z = rcis @
- r’cis90 = cis2kr, k =0,1,2,3,4,5,6,7,8
r=1, 96 =2kr, k=0,1,2,34,5,6,783
10z 127 147 167

Z—CZSO CZS— ClS— CZS— ClS— ClS— ClS— CZS— CZS—

(i) .o _ lz(z3

T

:(z —1\z° +z +1)

since z° + z° +1isa factor of z° —1, the roots of z® + z* + l arealsorootsof z° —1.

(iii) y

4pil9

2pi/9

8pil9

10pi/9

16pi19

14pi/9

(iv) The six roots of z°® +z° +1 come in 3 conjugate pairs

Letthembea=2§,§ 16—” ,B—— 3—14—” 897T y = 1(;”

zé+z3+1=(zz—2zcosa+|a| Xz —2zcosﬂ+|ﬁ|2X22—2ZCOS}/+|7/|2)

(z —2zcosE+1)z —22cos4”+1 z? —2zcosdz +1)



